Abstract. We use Poincaré series of K-finite matrix coefficients of genuine integrable representations of the metaplectic cover of SL 2 (R) to construct a spanning set for the space of cusp forms S m (Γ, χ), where Γ is a discrete subgroup of finite covolume in the metaplectic cover of SL 2 (R), χ is a character of Γ of finite order, and m ∈ 5 2 + Z ≥0 . We give a result on the non-vanishing of the constructed cusp forms and compute their Petersson inner product with any f ∈ S m (Γ, χ). Using this last result, we construct a Poincaré series ∆ Γ,k,m,ξ,χ ∈ S m (Γ, χ) that corresponds, in the sense of the Riesz representation theorem, to
Introduction
In this paper, we adapt representation-theoretic techniques developed for the group SL 2 (R) in [5] and [9] to the case of the metaplectic cover of SL 2 (R). Using this, we prove a few results on cusp forms of half-integral weight.
To give an overview of our results, we introduce the basic notation. The metaplectic cover of SL 2 (R) can be realized as the group . The starting point of this paper are results of [11] , where we applied the techniques of [5] to compute certain K-finite matrix coefficients of genuine integrable representations of SL 2 (R)
∼ and study their Poincaré series with respect to Γ. In Lemma 5-1. (5), we show that the Poincaré series P Γ F k,m (k ∈ Z ≥0 , m ∈ 5 2 + Z ≥0 ) discussed in [11, Section 6] belong to A (Γ\SL 2 (R) ∼ ) m . The main result of this paper is Theorem 5-6, in which we compute the Petersson inner product of P Γ F k,m with any ϕ ∈ A (Γ\SL 2 (R) ∼ ) m using the representation theory of SL 2 (R)
∼ . It is the SL 2 (R) ∼ -variant of [9, . In the rest of the paper, we use the facts of the previous paragraph to prove a few results about S m (Γ, χ) for m ∈ 5 2 + Z ≥0 . Most of these results are half-integral weight variants of results of [5] , [6] , [7] , and [9] .
First, by considering the preimages of functions P Γ F k,m under Φ, in Theorem 6-1 we construct the following spanning set for S m (Γ, χ) (cf. [5, ):
(see (2-1)). Moreover, we obtain results (Theorem 6-2 and Corollary 6-5) on the nonvanishing of cusp forms P Γ,χ f k,m in the case when P (Γ) ⊆ SL 2 (Z) by adapting our study of the non-vanishing of functions P Γ F k,m conducted in [11, Section 6] . Next, Theorem 5-6 translates via the unitary isomorphism Φ −1 to Theorem 6-1.(3), which states that, for every k ∈ Z ≥0 ,
It is a short way from this relation to the proof of the following fact in the case when ξ = i: for every k ∈ Z ≥0 , the Poincaré series
belongs to S m (Γ, χ) and satisfies
We prove that this holds for all ξ ∈ H in Proposition 7-2 and Theorem 7-12 (cf. [9, Corollary 1-2]).
Incidentally, our proof of Theorem 7-12 proves the following integral formula (Corollary 7-15):
for all f ∈ S m (Γ, χ), k ∈ Z ≥0 , and ξ ∈ H. We use this formula in Corollary 7-16 to give a short proof that
which enables us to prove, in Proposition 7-17, that
Next, assume that ∞ is a cusp of P (Γ) and that η −2m γ = χ(γ) for all γ ∈ Γ ∞ , so that we have the classical Poincaré series ψ Γ,n,m,χ ∈ S m (Γ, χ), n ∈ Z >0 , defined by
where h ∈ R >0 is such that the group {±1} P (Γ ∞ ) is generated by ± 1 h 1 . Theorem 8-4 gives the Fourier expansion of cusp forms ∆ Γ,k,m,ξ,χ and their expansion in a series of classical Poincaré series (cf. [6, ). In Corollary 8-7, this Fourier expansion combined with (1-4) provides a quick proof of some bounds on the derivatives of classical Poincaré series (cf. [7, ). Finally, in Section 9 we apply our results to the standardly defined spaces S m (N, χ), where N ∈ 4Z >0 and χ is an even Dirichlet character modulo N (e.g., see [10] ). We show that S m (N, χ) coincides with S m (Γ 0 (N), χ), where Γ 0 (N) is an appropriate discrete subgroup of SL 2 (R) ∼ , and χ is identified with a suitable character of Γ 0 (N). Corollary 9-3 gives a formula for the action of Hecke operators T p 2 ,m,χ , for prime numbers p ∤ N, on cusp forms ∆ Γ 0 (N ),k,m,ξ,χ in terms of their expansion in a series of classical Poincaré series (cf. [6, ).
Let us mention that a non-representation-theoretic proof of Proposition 7-2 and Theorem 7-12 in the case when k = 0 can be obtained by adapting the proof of [4, Theorem 6.3 .3] to half-integral weights. The case when k ∈ Z >0 can be derived from it essentially by taking the kth derivative (the details can be gleaned from the first sentence of the proof of Proposition 7-2 and from Lemma 7-9). Similarly, the integral formula (1-3) can be deduced from the halfintegral weight variant of [4, Theorem 6.2.2]; the integral-weight variant of (1-3) for k = 0 is actually used in the proof of [4, Theorem 6.3.3] (see the last equality on [4, pg. 230] ). On the other hand, our results on the non-vanishing of cusp forms P Γ,χ f k,m are based on applying the integral criterion [8, Lemma 2-1] to the corresponding Poincaré series on SL 2 (R)
∼ . To do that, we used the Cartan decomposition of SL 2 (R) ∼ , which is not easily accessible when working directly in S m (Γ, χ). This paper grew out of my PhD thesis. I would like to thank my advisor, Goran Muić, for his support, encouragement, and many discussons. I am also grateful to Neven Grbac and Marcela Hanzer for their continued support and useful comments.
Preliminaries on the metaplectic group

Let
√ · : C → C be the branch of the complex square root with values in {z ∈ C : ℜ(z) > 0}∪ {z ∈ C : ℜ(z) = 0, ℑ(z) ≥ 0}. We write i := √ −1 and
Next, we define H := {z ∈ C : ℑ(z) > 0} and denote by Hol(H) the space of all holomorphic functions H → C. The group SL 2 (R) acts on C ∪ {∞} by
We have
For every N ∈ Z >0 , we denote
The group
with multiplication law
and, for every m ∈ + Z ≥0 , on the right on C H by
In the following, we use shorthand notation (
∼ is a connected Lie group with a smooth (Iwasawa) parametrization
.
The projection P : SL 2 (R) ∼ → SL 2 (R) onto the first coordinate is a smooth covering homomorphism of degree 2. The center of SL 2 (R)
. We will denote the three factors on the right-hand side of (2-4), from left to right, by n x , a y , and κ t . We also define
Next, we recall the SL 2 (R)-invariant Radon measure v on H defined by dv(x + iy) := dx dy y 2 , x ∈ R, y ∈ R >0 , and fix the following Haar measure on SL 2 (R)
where
We identify the Lie algebra g := Lie (SL 2 (R) ∼ ) with Lie (SL 2 (R)) ≡ sl 2 (R) via the differential of P at 1 and extend this identification to that of the universal enveloping algebras of their complexifications: U (g C ) ≡ U (sl 2 (C)). Now,
, and
We will need the formulae [11, (2-13)-(2-14)] giving the action of C and n + as left-invariant differential operators on C ∞ (SL 2 (R) ∼ ) in Iwasawa coordinates:
n − acts as the complex conjugate of n + :
(2-10)
It is isomorphic to (R/4πZ, +) via κ t → t + 4πZ. Its unitary dual consists of the characters χ n , n ∈ 1 2 Z, defined by χ n (κ t ) := e −int , t ∈ R. We say that a function F : SL 2 (R) ∼ → C transforms on the left (resp., on the right) as
Preliminaries on cusp forms of half-integral weight
+ Z ≥0 . Let Γ be a discrete subgroup of finite covolume in SL 2 (R) ∼ . We denote by S m (Γ) the space of cusp forms for Γ of weight m, i.e., the space of all f ∈ Hol(H) that satisfy
and vanish at every cusp of P (Γ). Let us explain the last condition. For a cusp
for some h ∈ R >0 , hence f m σ has a Fourier expansion of the form
We say that f vanishes at x if a n = 0 for all n ∈ Z ≤0 . Next, we recall the half-integral weight variant of [4, Theorems 2.1.5 and 6.3.1]:
Lemma 3-2. Let f ∈ Hol(H) such that (3-1) holds. Then, the following claims are equivalent:
More generally, let χ : Γ → C × be a character of finite order. S m (Γ, χ) is defined as the space of all f ∈ S m (ker χ) that satisfy
The orthogonal projection S m (ker χ) ։ S m (Γ, χ) is given by
We record another basic fact in the following lemma.
The main results of this paper concern elements of S m (Γ, χ) constructed in the form of a Poincaré series
where Λ is a subgroup of Γ, and f : H → C satisfies f m λ = χ(λ)f for all λ ∈ Λ. We write P Γ,χ f := P {1}\Γ,χ f and P Γ f := P Γ,1 f .
Some representation-theoretic results
Throughout this section, let m ∈ The following lemma is central to our proof of Theorem 5-6. ∼ -invariant subspaces. Hence, its (g, K)-module of K-finite vectors, H K , is a direct sum of finitely many irreducible (g, K)-modules, and it is generated by ϕ (see [2, Theorem 0.4] ). From this it follows by an elementary computation in H K , using (1)- (2) , that H K is in fact an irreducible (g, K)-module and that it is isomorphic, as a K-module, to k∈Z ≥0 χ m+2k . Thus, H is unitarily equivalent to π m by Lemma 4-1.(1). Since ϕ ≡ 0 belongs to its (onedimensional) χ m -isotypic component by (1) , the second claim is clear.
Next, we recall the classical lift of f :
i.e., in Iwasawa coordinates,
The following result is well-known, but we could not find a convenient reference, so we provide a short proof.
Theorem 4-5. Let Γ be a discrete subgroup of finite covolume in SL 2 (R)
∼ . Then, the lift
∼ ) with the following properties:
(1) ϕ transforms on the right as χ m .
Proof. An elementary computation using (4-3), (4-4), (2-7), (2-8), and Lemma 3-2 shows that f → F f is a well-defined isometry S m (Γ) → A (Γ\SL 2 (R) ∼ ) m . To prove its surjectivity, let ϕ ∈ A (Γ\SL 2 (R) ∼ ) m , ϕ ≡ 0, and define f : H → C, f (x+iy) := ϕ(n x a y )y − m 2 . Obviously, f ∈ C ∞ (H) and F f = ϕ. Next, by Lemma 4-2 ϕ spans the χ m -isotypic component of a closed subrepresentation of r Γ that is unitarily equivalent to π m . Thus, n − ϕ = 0 by Lemma 4-1.(2), so (∂ x + i∂ y ) f = 0 by (2-10), hence f is holomorphic. Furthermore, the fact that ϕ ∈ L 2 (Γ\SL 2 (R) ∼ ) implies that f satisfies (3-1) and, by (2) (3) (4) (5) (6) (7) , that Γ\H f (z)ℑ(z) < ∞, so ϕ is bounded by (4-4).
Next, let Γ be a discrete subgroup of finite covolume in SL 2 (R) ∼ , and let χ be a character of Γ of finite order. For ϕ : SL 2 (R) ∼ → C, we define the Poincaré series
We write P Γ ϕ := P Γ,1 ϕ. The following lemma is elementary. Its proof is left to the reader.
Lemma 4-6. Let f : H → C. Then, the series P Γ,χ f converges absolutely (resp., absolutely and uniformly on compact sets) on H if and only if P Γ,χ F f converges in the same way on SL 2 (R) ∼ , and in that case
Proof of Theorem 5-6
In the following lemma we recall some results of [11] .
is a (unique up to a multiplicative constant) matrix coefficient of π m that transforms on the right as χ m and on the left as χ m+2k .
+ Z ≥0 . Let Γ be a discrete subgroup of finite covolume in SL 2 (R) ∼ . Then, the series γ∈Γ |F k,m (γ · )| converges uniformly on compact sets in SL 2 (R) ∼ , and
Proof. + Z ≥0 and k ∈ Z ≥0 . Then, we have the following:
. (2) Let f ∈ Hol(H). Then, for all x, y, t ∈ R with y > 0,
Proof.
(1) By Lemma 5-1. (3) and (2-6), we have
which, substituting x = tanh 2 (t) and using the identities sinh(2t) = 2 sinh(t) cosh(t) and
The last equality is obtained by k-fold partial integration.
(2) This is proved by induction on k ∈ Z ≥0 using (2-9) and noting that in the case when (3) is just (2) applied to f = f k,m with x = t = 0 and y = 1.
Let Γ be a discrete subgroup of SL 2 (R)
is standardly defined by the following condition:
for almost all x ∈ SL 2 (R) ∼ . The following lemma is immediate.
If ϕ is continuous and bounded, then the integral in (5-4) converges for every x ∈ SL 2 (R) ∼ , and (5-4) expresses the continuous representative of r Γ (F )ϕ.
Now we are ready to prove the main result of this paper:
Proof. The case when ϕ ≡ 0 is trivial, so suppose that ϕ ≡ 0. We have (4), and ϕ is continuous and bounded by Theorem 4-5. Thus, by 
In particular,
To compute r Γ F k,m ϕ (1), we note that by Lemma 4-2 ϕ generates the χ m -isotypic component of a closed subrepresentation H ϕ of r Γ that is unitarily equivalent to π m . Clearly, r Γ F k,m ϕ ∈ H ϕ . In fact, r Γ F k,m ϕ belongs to the χ m+2k -isotypic component of H ϕ : since F k,m transforms on the left as χ m+2k by Lemma 5-1. (1), we have
for all x ∈ SL 2 (R) ∼ and κ ∈ K. Hence, by Lemma 4-1. (2),
To calculate λ, we apply Lemma 4-2, with Γ = {1}, to By applying Φ to both sides of (5-11), we obtain
By evaluating (the continuous representatives of) both sides at 1 ∈ SL 2 (R) ∼ and using that
by Lemma 5-2.
(1) and (3). Thus, + Z ≥0 .
Theorem 6-1. Let Γ be a discrete subgroup of finite covolume in SL 2 (R) ∼ , χ : Γ → C × a character of finite order, and k ∈ Z ≥0 . Then:
(1) The series P Γ,χ f k,m converges absolutely and uniformly on compact sets in H.
(1) By Lemma 4-6 it suffices to prove that the series P Γ,χ F f k,m = P Γ,χ F k,m converges absolutely and uniformly on compact sets in SL 2 (R) ∼ , which is clear from Lemma 5-1.(5). Next, we prove (2)-(4) in the case when χ = 1:
(3) Let f ∈ S m (Γ). We have, by Theorem 4-5,
(4) It suffices to show that every f ∈ S m (Γ) satisfying f, P Γ f n,m Γ = 0 for all n ∈ Z ≥0 is identically zero. Indeed, from (3) it follows by induction on n ∈ Z ≥0 that such an f satisfies f (n) (i) = 0 for all n ∈ Z ≥0 , so f is identically zero since f ∈ Hol(H). Now, since the orthogonal projection S m (ker χ) ։ S m (Γ, χ) given by (3-5) maps P ker χ f k,m to P Γ,χ f k,m , the claims (2)-(4) in the case when χ = 1 follow from the proven ones about P ker χ f k,m .
Next, we give a result on the non-vanishing of cusp forms P Γ,χ f k,m in the case when P (Γ) ⊆ SL 2 (Z). Let us denote by M(a, b) the median of the beta distribution with parameters a, b ∈ R >0 , i.e., the unique M(a, b) ∈ ]0, 1[ such that
Theorem 6-2. Let N ∈ Z >0 and k ∈ Z ≥0 . Let Γ be a subgroup of finite index in P −1 (Γ(N)), and let χ : Γ → C × be a character of finite order. Suppose that
(otherwise S m (Γ, χ) = 0 by (3-3) ). If
Proof. It suffices to prove the non-vanishing of F P Γ,χ f k,m = P Γ,χ F k,m . We do this by applying to P Γ,χ (2)- (3) of [8, Lemma 2-1] can be found using (6-4) exactly as in the proof of [11, .
To illustrate the strength of Theorem 6-2, we can use some well-known properties of M(a, b) [11, ] to obtain the following variant of [11, .
Corollary 6-5. Let N ∈ Z >0 and k ∈ Z ≥0 . Let Γ be a subgroup of finite index in P −1 (Γ(N)). Let χ : Γ → C × be a character of finite order such that (6-3) holds. Then, P Γ,χ f k,m is not identically zero if one of the following holds: + Z ≥0 . For every k ∈ Z ≥0 and ξ ∈ H, we define δ k,m,ξ : H → C,
Proposition 7-2. Let k ∈ Z ≥0 and ξ ∈ H. Then, the Poincaré series
converges absolutely and uniformly on compact sets in H and belongs to S m (Γ, χ).
Proof. This can be proved by applying the obvious half-integral weight variant of [4, Theorems 2.6.6.(1) and 2.6.7]. We give an alternative proof. Note that
hence by the binomial inversion formula
so the claim in the case when ξ = i follows from Theorem 6-1. (1) and (2) . Now the claim for general ξ = x + iy ∈ H (with x, y ∈ R) is clear, using Lemma 3-6, from the identity
which is easily checked by following definitions.
The following technical lemmas will be used in our analytic proof of Theorem 7-12.
Lemma 7-6. Let (X, dx) be a measure space. Let D be a domain in C. Suppose that f : D × X → C is a measurable function with the following properties:
is well-defined and holomorphic on D, and we have
Proof. Without (7) (8) , this is [4, Lemma 6.1.5]. To prove (7) (8) , let z ∈ D and fix δ ∈ R >0 such that {ζ ∈ C : |ζ − z| ≤ δ} ⊆ D. Let k ∈ Z >0 . We have
by applying the Cauchy integral formula for derivatives in the first and the last, and Fubini's theorem in the second equality.
Lemma 7-9. Let f ∈ S m (Γ, χ). Then, the function I f : H → C,
is holomorphic, and I The right-hand side converges in S m (Γ, χ) and absolutely and uniformly on compact sets in H.
Proof. This can be proved analogously to the proof of [6, , all convergence issues being settled by Lemma 8-2. We provide a shorter proof:
(1) (8-5) follows from (8-1) since ∆ Γ,k,m,ξ,χ , ψ Γ,n,m,χ Γ 
